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Abstract

The paper addresses the conjugate heat transfer in turbulent flows with temperature assumed to be a passive scalar. The Lagrangian
approach is applied and the heat transfer is modelled with the use of stochastic particles. The intensity of thermal fluctuations in near-
wall turbulence is determined from the scalar probability density function (PDF) with externally provided dynamical statistics. A sto-
chastic model for the temperature field in the wall material is proposed and boundary conditions for stochastic particles at the solid–fluid
interface are formulated. The heated channel flow with finite-thickness walls is considered as a validation case. Computation results for
the mean temperature profiles and the variance of thermal fluctuations are presented and compared with available DNS data.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The issue of heat transfer in turbulent flows is of utmost
practical importance for many engineering problems. Yet,
physically sound turbulence modelling at an acceptable
computational cost is inherently difficult (Launder, 1996;
Nagano, 2002). Detailed physics includes a complex evolu-
tion of the temperature field due to the near-wall vortical
flow structures (Robinson, 1991) but the statistical
approach is still very useful in practical computations. As
discussed in the literature (Sommer et al., 1994; Kong
et al., 2000; Tiselj et al., 2001a,b), the type of boundary
condition for temperature (isothermal wall, isoflux wall,
conjugate heat transfer) directly influences the intensity of
thermal fluctuations at the fluid–solid interface. Physically,
the intensity depends also on the molecular Prandtl num-
ber and on the wall material properties. At the level of
one-point, one-time statistical averages, the temperature
variance and the turbulent heat flux are of direct engineer-
ing interest. Another important statistic is the frequency
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spectrum of near-wall thermal fluctuations. A motivation
to undertake the present work originated from some indus-
trial situations of conjugate heat transfer where the
mechanical integrity of certain solid structures can be
impaired by large and/or rapid temperature changes
induced by neighbouring fluid. Therefore, to achieve opti-
mal design and to avoid thermal fatigue of wall material,
a fairly detailed estimation of dynamical and thermal sta-
tistics of turbulence in the near-wall region is desirable.

In several DNS studies of wall-bounded flows with heat
transfer (Kasagi et al., 1992; Kawamura et al., 1998, 1999;
Na et al., 1999), the isothermal b.c. (constant wall temper-
ature) were imposed, resulting in zero level of thermal fluc-
tuations there. On the other hand, studies with the isoflux
(constant heat flux) b.c. to determine the non-zero level
of temperature fluctuations in the boundary layer and the
solid wall are rare both in experiments and in RANS com-
putations. Yet, in a couple of subsequent papers on the
DNS with heat transfer (Lu and Hetsroni, 1995; Kong
et al., 2000; Tiselj et al., 2001a), the isoflux b.c. was
imposed as a constant gradient of the instantaneous tem-
perature at every computational node located at the wall,
leading to a non-zero wall level of thermal fluctuations.
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The isoflux condition constitutes one limit case of a more
general conjugate fluid–solid heat transfer, namely that of
a thin and/or poorly conducting wall, with a thick and/or
well-conducting wall making another limit case, that of iso-
thermal boundary. As shown by Tiselj et al. (2001b), the
profile of fluctuating temperature variance in a fluid for
the general case lies between the two limit profiles (isoflux
and isothermal).

The conjugate heat transfer problem has to be formu-
lated in a coupled way, with the flow solution and the tem-
perature field on the fluid side coupled to an unsteady heat
conduction in the solid. The experimental and numerical
studies of this general case are scarcely reported in the lit-
erature. Mosyak et al. (2001) carried out an experimental
study of the wall temperature fluctuations under different
boundary conditions; they also examined coherent struc-
tures of the temperature field (thermal streaks). Tiselj
et al. (2001b) performed a DNS of the turbulent heat trans-
fer with unsteady heat conduction in the solid; they
reported a number of results, including the dependence of
the r.m.s. temperature fluctuations on several relevant
parameters.

Concerning theoretical studies, Polyakov (1974) solved a
simplified problem for temperature fluctuations in the vis-
cous sublayer of turbulent flow next to a heat-conductive
wall; therefrom, he derived analytical expressions for the
near-wall frequency spectrum of temperature and predicted
the wall level of temperature fluctuations, hrms. Albeit usu-
ally obtained with simplifications, analytical expressions
are always most welcome for a better understanding,
including dependence on relevant parameters. For exam-
ple, Polyakov made an important observation concerning
the dominant frequencies in the temperature spectrum.
The inverses of those frequencies (characteristic time scales)
were found to fall roughly in the interval of 100–300 in wall
units.

To the best of the authors’ knowledge, statistical RANS
modelling attempts for turbulent flows aiming at resolving
the intensity of thermal fluctuations in the boundary layer
with the wall b.c. different than isothermal are quite rare
and, apparently, none determined the temperature fluctua-
tions in the wall material itself. Sommer et al. (1994) stud-
ied the sensitivity of near-wall thermal fluctuations in a
fluid to the type of boundary; yet, they took the prediction
of Polyakov (1974) as the wall b.c. for the hh2i equation in
the iso-flux case. An interesting model with two-dimen-
sional streaky structures and unsteady heat conduction in
the wall was proposed by Kasagi et al. (1989). They also
used as reference the parametric relationship of Polyakov.

In the present paper, the conjugate heat transfer prob-
lem is formulated in the stochastic Lagrangian approach.
One building block of the modelling scheme proposed here
is the scalar probability density function (PDF) method (cf.
Pope, 2000) with down to the wall integration (Pozorski
et al., 2004). It is applied in fluid with the use of externally
provided turbulence statistics; the temperature is assumed
to be a dynamically passive scalar. Another building block
are model developments to estimate temperature fluctua-
tions within the wall material. Moreover, the particle treat-
ment of the material interface is put forward. The reason
for exploring the Lagrangian stochastic approach is two-
fold. First, it allows us to obtain quantitative results for
the temperature statistics both in fluid and in solid mate-
rial; as a spin-off, closed Eulerian equations for the temper-
ature variance are obtained. Second, the methodology
developed here is readily extended to the case of structural
turbulence models with instantaneous flow structures
resolved (cf. conclusion). Another aim of the paper is to
validate the model in the case of the fully developed heated
channel flow. We compare the PDF computation results to
some reference DNS data, discuss the sensitivity of near-
wall thermal fluctuations to the boundary conditions, the
molecular Prandtl number, and the wall material
properties.
2. Governing equations

Under suitable simplifying assumptions, the internal
energy balance in the flow reduces to the diffusion–advec-
tion equation obeyed by instantaneous fluid temperature
T as an additional, passive scalar variable:

oT
ot
þ Uj

oT
oxj
¼ a1

o
2T

oxj oxj
: ð1Þ

The instantaneous temperature in the solid (the wall mate-
rial) obeys the unsteady heat equation:

oT
ot
¼ a2

o2T
oxj oxj

: ð2Þ

The subscripts 1 and 2 refer to fluid and solid, respectively;
in particular, a1 and a2 stand for the respective thermal dif-
fusivity coefficients, a = k/(qcp); moreover, k1 and k2 are
respective heat conductivity coefficients in fluid and solid.

The geometric configuration considered in the paper is a
flat fluid–solid interface, i.e., the plane y = 0, with solid
material located in the region y < 0. Consistency conditions
at the interface are the continuity of the instantaneous tem-
perature and of the heat flux:

T jy¼0þ ¼ T jy¼0� and k1

oT
oy
jy¼0þ ¼ k2

oT
oy
jy¼0� : ð3Þ

For subsequent use, the so-called thermal activity ratio is
defined as

K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqcpkÞ1
ðqcpkÞ2

s
¼ k1

k2

ffiffiffiffiffi
a2

a1

r
: ð4Þ

The mean and fluctuating temperatures in fluid and solid
are introduced through T = hTi + h. In the statistical
description of turbulent fluid motion, details of the (other-
wise deterministic) relevant fields are skipped and only
averaged variables are preserved. Notwithstanding the
zero velocity field, the same concept of averaging is applied
to the temperature in a solid and proves useful upon a clo-
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ser examination. There, the stochastic character of the
temperature field originates from a random forcing exerted
by the fluid on the separating interface. The meaning of
ensemble averages hÆi in a solid is possibly best explained
as the time average, like in the streaky-structure model
of Kasagi et al. (1989). Concerning the notion of fluctua-
tions in a fluid, the averaging over realisations is best
understood in the PDF approach; the time average or
averaging over directions of homogeneity are mainly used
in DNS/LES, while only statistics of fluctuations make
sense as variables in RANS.

Although the moment (or mean) equations are not
solved in the stochastic approach, they will be recalled here
for the sake of completeness. Due to linearity of Eq. (2), the
mean temperature equation in the solid requires no specific
closure. However, this is not the case of higher-order
moments. The exact equation for the fluctuating tempera-
ture variance hh2i is derived from Eq. (2) in the same way
as done for turbulent fluid flow; yet, in a solid it has a sim-
pler form:

ohh2i
ot
¼ a2

o2hh2i
oxj oxj

� 2a2

oh
oxj

oh
oxj

� �
: ð5Þ

The first RHS term of (5) represents the molecular diffusion
whereas the second (unclosed) term stands for the destruc-
tion rate of hh2i.
3. Stochastic modelling of thermal fluctuations in solid

3.1. Problem formulation; idea of the model

Before a stochastic approach to the conjugate heat
transfer is detailed, we consider first the issue of tempera-
ture fluctuations within a layer of solid material only.
The fluctuations are driven by a variable temperature at
the boundary of the layer. To start with, let us recall the
analytical solution of the following problem: determine
the time-evolving temperature field T(y, t) in a semi-infinite
solid (here: y > 0) with the initial condition T(y, t = 0) = 0,
driven by the time-periodic changes of temperature (with a
magnitude H0 and frequency x) at its surface:

T ðy ¼ 0; tÞ ¼ R½H0e�ixt� ¼ H0 cos xt: ð6Þ
(NB: although only real parts of relevant quantities have a
physical meaning, the use of complex variables simplifies
both the notation and the solution procedure.) The task
is in fact formally identical to the classical problem of a
semi-infinite viscous fluid adjacent to an oscillating wall.
We assume that the oscillation period 2p/x is long enough
so as not to defy the Fourier hypothesis on heat transfer.
The solution of (2) is readily found; it is written for the fluc-
tuating temperature since the mean is zero everywhere:

hðy; tÞ ¼ R H0eikye�ixt
� �

¼ H0e�y=d cos
y
d
� xt

� �
ð7Þ

where d = (2a2/x)1/2 is called the penetration depth and
k = (1 + i)/d is the corresponding (complex) wave number.
Two other related problems of interest consist in tempera-
ture propagation in a finite layer of solid of thickness d.
Now, the b.c. on the surface y = 0 are the same as before,
Eq. (6), and the b.c. on the backside y = d are stated as
either isothermal or adiabatic:

T ðy ¼ d; tÞ ¼ 0 or ðoT=oyÞðy ¼ d; tÞ ¼ 0: ð8Þ
As the mean temperature in a solid is constant, the respec-
tive solutions for the fluctuating temperature are

hðy; tÞ ¼ R H0

sin kðd � yÞ
sin kd

e�ixt

	 

and

hðy; tÞ ¼ R H0
cos kðd � yÞ

cos kd
e�ixt

	 

: ð9Þ

Let us focus first on detailed analytical expressions for the
semi-infinite case. The time averaging of h2 over the oscil-
lation period 2p/x yields the variance of thermal fluctua-
tions. It is computed from Eq. (7):

hh2ðy; tÞi ¼ 1

2
H2

0e�2y=d: ð10Þ

Analogously, the destruction rate of hh2i/2, cf. Eq. (5), is
computed as

a2

oh
oxj

oh
oxj

� �
¼ H2

0e�2y=d a2

d2
¼ hh2i

d2=2a2

: ð11Þ

It is readily verified from Eqs. (10) and (11) that the bal-
ance of Eq. (5) is identically satisfied. Moreover, as it tran-
spires from (11), the destruction rate of thermal
fluctuations can be expressed in the form hh2i/sh, with the
characteristic time scale being sh = sh,1 where sh,1 = 1/x
(the subscript 1 denotes the value obtained for the semi-
infinite layer of solid). This observation may seem trivial
since in the problem considered x is the only parameter
that can determine the time scale. However, in analogy to
scalar mixing issue in PDF methods (Pope, 2000), the form
of the destruction term directly suggests a possible model
for particle simulation, i.e., a relaxation of the instanta-
neous temperature towards the mean (here: zero) with a
time scale sh, cf. Eq. (14) below.

3.2. Monte Carlo simulation

In the Lagrangian particle approach, the motion of dis-
crete portions of internal energy (particles) is tracked, cf.
Pozorski et al. (2004) for a detailed explanation. Particles
are ascribed the instantaneous temperature T and location
X; formally, the one-point scalar PDF f = fT X(H,x, t) can
be introduced; here, H and x are respective sampling space
variables and f(H,x, t)dH is the probability of the event
that in a given flow realisation the temperature T at the
point (x, t) is contained in the range H 6 T < H + dH.
The governing equation for f is derived from Eq. (2), cf.
Pope (2000), and further rearranged as follows:

of
ot
¼ a2

o2f
oxk oxk

� o2

oH2
a2

oT
oxk

oT
oxk

����T ¼ H

� �
f

	 

; ð12Þ
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Fig. 1. Analytical profiles of the position-dependent time scale sh

(normalised with the forcing frequency x). Various ratios of the layer
thickness d to the penetration depth d: d/d = 0.5 (dashed lines), d/d = 2
(solid lines), d/d = 25 (dotted lines), d/d =1 (horizontal dash-dotted
line). Ascending lines: upper boundary (y = d) adiabatic, descending lines:
upper boundary isothermal.
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here, the symbol hÆjÆi stands for the conditional average.
Regarding the physical meaning, the first RHS term of
Eq. (12) describes the diffusion in space and the second
RHS term represents the anti-diffusion in the phase space
of H. The latter corresponds to the fact that in the absence
of production term within a solid (the thermal fluctuations
are due to forcing at the solid–fluid interface) the tempera-
ture fluctuations will decay and the instantaneous temper-
ature will relax its local mean value. Concerning now the
modelling, the heat equation in a solid is solved by the ran-
dom walk of particles, corresponding to the first RHS term
of Eq. (12), and the particle temperatures change to ac-
count for the second RHS term of Eq. (12), here approxi-
mated by a simple relaxation model (cf. Pope, 2000 or
Jones, 2002). In a statistically 1D setting, the locations
and temperatures of stochastic particles evolve as

dY ¼
ffiffiffiffiffiffiffi
2a2

p
dW ; ð13Þ

dT ¼ � T � hT i
sh

dt; ð14Þ

where dW is an increment of the Wiener process and sh is a
scalar mixing time scale (to be determined). For a thorough
(yet practical) perspective on stochastic processes, the read-
er may wish to refer to Gardiner (1990). Here, let us only
state that in the numerical implementation of the approach
equations (13) and (14) are solved for a discrete time step,
Dt; the finite increment of the Wiener process is simulated
as DW ¼ nN

ffiffiffiffiffi
Dt
p

with nN being a random number from the
standard normal (Gaussian) distribution. The system of
particle equations corresponds to a closed evolution equa-
tion for the PDF. The mean heat equation and a balance of
the temperature variance (also higher-order moments, if
needed) are retrieved from it upon suitable integration.

The Monte Carlo computation of the temperature inside
the wall material is performed for the finite layer d of solid.
The inlet boundary conditions at the interface y = 0 are
formulated for particles that leave the computational
domain on this side and are reflected back. The b.c. are
meant to yield the correct mean temperature and the fluc-
tuating temperature variance (equal to H2

0=2) at the inter-
face; this can be achieved by setting the temperature of
incoming particles to

T in ¼
H0ffiffiffi

2
p nN or T in ¼ H0 cosð2pnUÞ: ð15Þ

The first expression ensures that the temperature PDF of
incoming particles is Gaussian (nN is again a random num-
ber from the standard normal distribution). As an alterna-
tive, the second expression uses the forcing defined from
Eq. (6) with a random phase (nU is a random number from
the standard uniform distribution). We have tested in
Monte Carlo computations that the resulting profile of
hh2i(y) is not affected by either choice of b.c. from formula
(15). On the other boundary (y = d) two variants of bound-
ary conditions, isothermal and adiabatic, have been im-
posed. In particle variables, this is respectively done as
T in ¼ 0 or T in ¼ T out: ð16Þ
For both boundaries, y = 0 and y = d, the reflected Brown-
ian motion has been accounted for by applying the b.c. to
the particles that left the domain at a given time step but
also (with a non-zero probability) to some of those that
did not, i.e., the particles that left out and returned during
the time step (cf. Wacławczyk et al., 2004).

To get a better insight, the simulations have been per-
formed for three different cases: d� d, d � d, and d� d.
Preliminary results (not shown here) for the decay of fluc-
tuating temperature variance with depth present a growing
discrepancy with respect to analytical predictions with the
decreasing ratio of d/d. They have been obtained with a
constant time scale sh,1 in the scalar mixing model (other-
wise correct in the case d =1). A remedy proposed here
consists in taking a variable time scale, sh = sh(y), deter-
mined as follows. The temperature relaxation term in the
evolution of stochastic particles, Eq. (14), produces a mod-
elled destruction term �2hh2i/sh in the transport equation
for the temperature variance. Comparison with the exact
equation for hh2i, Eq. (5), leads to the prescription of the
relaxation time:

sh ¼ hh2i a2

oh
oxj

oh
oxj

� �	 
�1

: ð17Þ

For the isothermal and adiabatic b.c. on the back surface
(y = d) the respective formulae are found from Eq. (17)
with the use of Eq. (9):

sh ¼
1

a2

sin kðd � yÞ
sin kd

����
����
2

� k cos kðd � yÞ
sin kd

����
����
�2

and

sh ¼
1

a2

cos kðd � yÞ
cos kd

����
����
2

� k sin kðd � yÞ
cos kd

����
����
�2

: ð18Þ

The resulting profiles of the time scale sh(y), normalised by
the forcing frequency x, are shown in Fig. 1 for the isother-
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mal and adiabatic condition on the back surface and for
three different ratios of the layer thickness d to the penetra-
tion depth d. It is readily noticed that sh considerably de-
parts from 1/x, specially for small ratios of d/d. At the
backside wall (i.e., in the limit y! d) the time scale tends
asymptotically either to zero (isothermal wall, rapid atten-
uation of any fluctuations there) or to infinity (adiabatic
wall, non-zero fluctuations can persist there).

The prescription of Eq. (17) makes it now possible to
also close the Eulerian equation for the temperature fluctu-
ations in solid, Eq. (5), as

ohh2i
ot
¼ a2

o2hh2i
oxj oxj

� 2

sh
hh2i; ð19Þ

where the time scale from Eq. (18) has the form
sh = sh(x,y/d,d/d), shown in Fig. 1 and dependent also
on the thermal b.c. type. Basically, Eq. (19) can be used
in RANS, specially for routine computations (when the
temperature PDF is not needed) that certainly are less
CPU-intensive than the Monte Carlo method used here.
Yet, the problem of stating appropriate b.c. at the backside
wall (y = d) will seemingly persist in RANS for cases other
than the isothermal wall with zero temperature
fluctuations.

The PDF computation results of the model (13) and (14)
with sh(y), Eq. (18), are presented in Fig. 2. The theoretical
predictions of hh2i resulting from Eqs. (9) are quite well
matched. We emphasise that the spatially variable relaxa-
tion time scale for temperature in solid material is meant
to ensure an approximately correct attenuation of thermal
fluctuations that are due to external forcing; arguably, it is
a necessary ingredient of a local (one-point) model. Other-
wise, the position-dependent relaxation rate in a homoge-
neous material has no sound physical explanation in
terms of underlying small-scale phenomena in a solid.
Yet, our main aim here has been to construct a model that
deals with the solid part of a coupled fluid–solid system.
The model will be given a posteriori support through the
conjugate heat transfer computations.
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Fig. 2. Fluctuating temperature variance in the solid layer with forced lower bo
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4. Stochastic particle approach for conjugate heat transfer

4.1. Remarks on particle methods for heat transfer

Before we describe the actual computational method
chosen, let us briefly mention some other particle
approaches of potential interest for the conjugate heat
transfer, worth further exploration. Basically, in particle
methods there are two ways to simulate the diffusion pro-
cess in physical space: either a fixed amount of a physical
property (vorticity, temperature, mass, etc.) is associated
with stochastic particles and this property diffuses through
a random walk of particles (possibly superposed with
advection), or the particle property is allowed to change
through a non-local interaction with other particles. The
former idea (that of a random walk) has been proposed
in 2D vortex methods in fluid mechanics. The random walk
is also an ingredient of our model; yet, due to the interac-
tion with mean fields the particle properties (in particular:
temperature) are bound to change. The latter idea (that of
interactions between particles) has been proposed in vortex
methods and in smoothed particle hydrodynamics (SPH).
In some variants of vortex methods for viscous flows, the
technique of resampling or particle strength exchange is
used (cf. Cottet and Koumoutsakos, 2000). In the formula-
tion of SPH (Monaghan, 1992) the idea of interactions
between particles has been further developed for multi-
material heat transfer (Cleary, 1998). In that approach,
particles representing the solid material remain immobile,
but their temperature changes through a modelled heat dif-
fusion (Laplacian) term. There is no difficulty in satisfying
the conditions on the material interfaces.

In random walk methods for complex diffusion prob-
lems (Ghoniem and Sherman, 1985) two kinds of particles
are sometimes used; each group is carrying a separate var-
iable. Similarly, vortex method computations with thermal
field reported in the literature (they are quite rare, cf.
Ogami, 2001) use two classes of particles, separately for
vorticity and temperature. Yet, apart from being more
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l predictions.



872 J. Pozorski, J.-P. Minier / Int. J. Heat and Fluid Flow 27 (2006) 867–877
computationally expensive, such an approach seems
impractical for turbulent heat transfer computations, since
no joint moments (like huihi) are available.

In the standard random walk of ‘‘temperature ele-
ments’’, particles evolve according to

dX ¼
ffiffiffiffiffi
2a
p

dW; ð20Þ
dT ¼ 0: ð21Þ

Averaging over particles yields the mean temperature field.
This approach is particularly useful for problems of diffu-
sion from point or line sources where Eulerian methods
face difficulties due to resolution problems in regions of
steep gradients. On the other hand, in a gradient random
walk each particle n evolving by Eq. (20) will carry a tem-
perature jump dTn; cf. Ghoniem and Sherman (1985) for
details. The advantage of the gradient walk approaches is
that the field of interest (e.g., temperature or velocity) is
respectively obtained through summation of the tempera-
ture jump contributions associated with particles or
through the computation of induced velocity field (vortex
elements), finally giving a smoothed field.

4.2. Main idea of the present approach

A concept proposed here is to solve the conjugate heat
transfer problem in a coupled Monte Carlo approach. Sto-
chastic particles carry a certain amount of internal energy
and represent both the heat transfer (convective and con-
ductive) in fluid and the heat conduction in solid. This
point is illustrated in Fig. 3. The building blocks of the
approach are: the scalar PDF method for near-wall turbu-
lence (Pozorski et al., 2004), a stochastic method for
unsteady heat conduction in solid (cf. previous section),
and the statement of appropriate thermal consistency con-
ditions for particle temperature at the wall (at the solid–
fluid interface).

Concerning the estimation of thermal fluctuations in
solid, thus far we do not see any constructive possibility
to use either the simple random walk, Eqs. (20) and (21),
or the gradient random walk of Section 4.1 for the purpose.
Rather, we stick to the model proposed in Section 3. Two
questions need to be addressed before the conjugate heat
transfer computation is attempted with that ‘‘building
θ2<   >

y

0

<T>

Fig. 3. Schematic picture: stochastic particle method for the coupled heat
transfer at the solid–fluid interface (shaded area: solid material).
block’’ model for solid material and another building block
model, that of the scalar PDF, for fluid (Pozorski et al.,
2004). First question relates to the choice of the forcing fre-
quency, and the second question pertains to the implemen-
tation of the interface condition. Both points are addressed
now.

4.3. Forcing frequency for unsteady heat conduction

The model for thermal fluctuations in the solid, intro-
duced in Section 3, needs a forcing frequency as an external
parameter. It characterises near-wall vortical structures in
turbulent flow. The DNS of Tiselj et al. (2001b) for Pr = 7
provides some indications as to the choice of x. For given
thermal activity ratio K = 1, and the thickness of solid layer
d++ = 20, we have compared the profile of the thermal fluc-
tuation intensity hrms = hh2i1/2 in the solid, as given by the
DNS, with the prediction resulting from Eq. (9) where d is
uniquely determined by x and a2; in wall units:

ðdþþÞ2 ¼ 2

Prxþ
: ð22Þ

(NB: the non-dimensional length in solid is introduced as
yþþ ¼ yþ

ffiffiffiffiffiffiffiffiffiffiffi
a1=a2

p
.) The comparison gives the correct level

of hh2i at the backside wall for d/d � 3.2–3.8. Hence the
characteristic time scale is s+ = 1/x+ � 100–140. Finally,
we have adopted the time scale (external input data for
the stochastic model) of s+ = 120. The corresponding pen-
etration depth results from Eq. (22): d++ = 5.75, keeping in
mind that this particular value is charged with uncertainty
of about 10%.

4.4. Interface conditions for temperature

Conditions for the instantaneous temperature at the
fluid–solid interface are a consequence of the physical pic-
ture of the conjugate heat transfer. In the statistical
approach, the boundary (interface) conditions are formu-
lated for the averaged variables. It transpires from Eq.
(3) that the mean temperature and the mean heat flux are
continuous at the interface y = 0. Following the identity
hh2i = hT2i � hTi2, the temperature variance is also contin-
uous at the interface:

hh2ijy¼0� ¼ hh
2ijy¼0þ : ð23Þ

Concerning the condition at the solid–fluid interface in the
particle setting, at first we considered three different possi-
bilities: (a) the particles are allowed to cross the interface
either way (i.e., penetrate into the other medium) with pos-
sibly a temperature change, (b) the particles cross the inter-
face with property/weight change, and (c) the particles are
reflected from the interface (no penetration) with some
communication (to be devised) with the other medium.
Upon further reflexion, the option (a) has been imple-
mented as detailed below.

Consider first a particle approach to the heat equation in
a finite layer 0 6 y 6 d of solid with isothermal walls of
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temperatures T 0 and T00 and the thermal diffusivity a. For a
homogeneous material the heat flux in this simple case is
obviously k(T00 � T 0)/d. Suppose now that the thermal con-
ductivity changes in a smooth manner within the layer,
k = k(y). Then the constant heat flux q = k(y)dT/dy = const
at any section y implies that dq = 0 and, consequently,

d2T
dy2
¼ � 1

k
dk
dy

dT
dy
: ð24Þ

The particle dT equation (cf. below) with the mixing term
(here to be applied with the short time scale sh! 0 to result
in zero fluctuations) and the isothermal b.c. described be-
fore yield the linear temperature distribution in the layer,
unless the variability of k is somehow accounted for. We
propose a following modification that can be justified by
the Taylor series expansion of the temperature profile
around y0 (that can be thought of as the current location
of a stochastic particle) in the neighbourhood of dy (that
can be thought of as a distance covered by the particle at
a single time step):

T ðy0 þ dyÞ ¼ T ðy0Þ þ
dT
dy

dy þ 1

2

d2T
dy2
ðdyÞ2: ð25Þ

We now argue that the linear term is already simulated by
the standard dT equation, so an additional temperature
increment is necessary for a possible departure of tempera-
ture from the linear profile in the solid layer:

dT k ¼
1

2

d2T
dy2
ðdyÞ2 ¼ � 1

2

1

k
dk
dy

dy
dT
dy

dy; ð26Þ

the second equality follows by virtue of Eq. (24).
In the conjugate heat transfer problems, the case of

interest is in particular the discontinuity (jump) of k at
the solid–fluid interface. Suppose that a particle crosses
the interface at certain time step. Then, to the standard
dT equation the particle temperature change should be
added, based on Eq. (26) with the term 1/k replaced by
its average value at the interface, the term (dk/dy)dy
0.0 0.2 0.4 0.6 0.8 1.0
y

0.0

0.2
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0.8

1.0

T

Fig. 4. Test case: particle computation of heat conduction in a finite solid layer
in k. Analytical profiles of temperature: symbols, computation results: lines.
replaced by the jump (k1 � k2), and by taking the absolute
value of dy so that the formula remains unchanged for
either direction of the interface crossing (from the region
of smaller to larger k or the opposite):

dT k ¼ �
1

4

1

k1

þ 1

k2

� 

ðk1 � k2Þ

dT
dy
jdyj: ð27Þ

The system of particle equations for heat conduction in so-
lid is

dY ¼
ffiffiffiffiffiffiffi
2a2

p
dW ; ð28Þ

dT ¼ � T � hT i
sh

dt þ dT k: ð29Þ

To validate the proposal for variable k, we have performed
two test computations in a solid layer 0 6 y 6 1 with the
b.c. T(0) = 0 and T(1) = 1. In the first test case, the follow-
ing profile of thermal conductivity is assumed: k(y) =
y + 1. It results in a logarithmic temperature distribution
in the layer: T(y) = C log(y + 1) where C = 1/log(2). In
the second computation, a jump from k1 = 1 to k2 = 2 is as-
sumed at y = 0.5, resulting in a broken line profile of the
temperature: T(y) = 4y/3 for y 6 0.5 and T(y) = 2
(y + 0.5)/3 otherwise. As illustrated in Fig. 4, the computa-
tion results agree well with the theoretical predictions for
both test cases.

As far as conjugate heat transfer computations are con-
cerned, the above result provides us with a support to
include there the suggested additional term accounting
for varying thermal conductivity. Namely, for stochastic
particles crossing the fluid–solid interface (from either side),
the temperature jump is added as described by Eq. (27) with
the mean temperature gradient used instead of dT/dy.

4.5. Complete model of conjugate heat transfer

To determine the temperature field at the fluid side the
scalar PDF approach (cf. Pope, 2000; Jones, 2002) is
applied with further developments for the near-wall region
0.0 0.5 1.0
y

0.0

0.2

0.4

0.6

0.8

1.0

T

of variable heat conductivity: (a) a continuous profile of k; (b) a finite jump
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as detailed in Pozorski et al. (2004). The motion and tem-
perature evolution of stochastic particles in fluid are gov-
erned by equations:

dX i ¼ hU iidt þ oat

oxi
dt þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ða1 þ atÞ

p
dW i; ð30Þ

dT ¼ � 1

s/
þ 1

sM

� 

ðT � hT iÞdt þ dT k; ð31Þ

where s/ is the scalar mixing time scale, sM accounts for the
near-wall molecular transport effects, and at is the turbulent
heat diffusivity. In the scalar PDF approach, at = mt/Prt is
determined from the turbulent viscosity and the profile of
the turbulent Prandtl number that depends on the type of
the wall boundary condition, cf. Pozorski et al. (2004).
For the computations reported in the paper, we used the
necessary velocity statistics from the DNS data of Moser
et al. (1999). Otherwise, no external input is needed in
the standalone, joint velocity-scalar PDF approach to tur-
bulent flows with heat transfer (Pozorski et al., 2003a,b,
2004).

Stochastic particles in solid evolve according to

dX i ¼
ffiffiffiffiffiffiffi
2a2

p
dW i; ð32Þ

dT ¼ � T � hT i
sh

dt þ dT k ð33Þ

where sh is determined from Eq. (18b) for the case of the
adiabatic backside wall considered here.

In both Eqs. (31) and (33) the term dTk, known from
Eq. (27), in homogeneous media (constant k1 and k2) mat-
ters only for particles that cross the interface at a given
time step. In particular, for the 1D conjugate case with a
flat solid–fluid interface, the jump of particle temperature
at the interface is determined as

dT k ¼ �
1

4
K � 1

K

� 

dhT i
d~y

d~y; ð34Þ
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Fig. 5. Heated turbulent channel flow at Res = 180 bounded by finite thickn
(dotted line), finite thermal activity ratio: K = 1 (dashed), K = 5 (solid), K = 10
Results made nondimensional with the outer wall temperature TE, channel cen
hw, respectively.
where ~y is the scaled wall-normal coordinate: ~y ¼ y
ffiffiffiffiffiffiffiffiffiffiffi
a1=a2

p
in solid y < 0, while ~y ¼ y in fluid y > 0. The boundary con-
dition at the lower part of the solid, y = �d say (the bottom
horizontal line in Fig. 3), is implemented here as the con-
stant flux condition.

5. Computation results for heated channel flow

The near-wall region of a fully-developed, heated chan-
nel flow at Res = 180 (based on the friction velocity and the
channel half-width) bounded by solid walls of a finite thick-
ness is considered as the validation case. The computa-
tional domain extends from the channel centerline
(y+ = 180) through the fluid–solid interface (y = 0), down
to the outer wall at y++ = �20 (the lowest horizontal line
in Fig. 3). Scalar PDF computations of conjugate heat
transfer in near-wall turbulence have been performed for
several choices of relevant physical parameters; the sec-
ond-order thermal statistics (the fluctuating temperature
variance) are of particular interest.

Typically, the computations have been performed with
about 104 stochastic particles and a standard run (on a
present-day, single-processor personal computer) required
a few tens of minutes of the CPU time, depending on the
choice of numerical parameters. The sensitivity of results
to the molecular Prandtl number, the thermal boundary
condition on the interface (determined by the thermal
activity ratio of fluid and solid), and the solid wall thick-
ness has been studied. Some qualitative results are reported
first. Fig. 5(a) shows computed non-dimensional mean
temperature profiles in solid and fluid for some values of
the thermal activity ratio K. Obviously, the temperature
varies linearly in solid, and the behaviour in fluid is alike
that previously computed for limiting (isothermal and iso-
flux) cases. This fact is well supported by the DNS. Next,
Fig. 5(b) presents a profile of the fluctuating temperature
r.m.s. (normalised by the wall level) for K = 10. In turbu-
–20 0 20 40 60 80

y
+

0

0.5

1

1.5

θ rm
s/θ

w

ess (d ++ = 20) solid walls. (a) Mean temperature profile: isothermal wall
(dash-dotted); (b) fluctuating temperature r.m.s. in fluid and solid (K = 10).
terline temperature TCL, and the r.m.s. fluctuating temperature at the wall
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lent flow, the profile is similar to that computed previously
for fluid-only case. On the other hand, the temperature
r.m.s. in solid decays roughly exponentially with depth
and then levels off (because of the isoflux thermal condition
at the outer wall).

As far as quantitative comparison is concerned, compu-
tational results of our conjugate heat transfer model are
validated against the data of Tiselj et al. (2001b) from the
DNS in fluid coupled with unsteady heat conduction in
solid. The comparison indicates that there is a fair agree-
ment between the two; yet, some discrepancies persist.
The r.m.s. temperature fluctuations in fluid and in solid
are shown in Fig. 6 for Pr = 7, K = 1, and two wall depths.
On the fluid side, the maximum in the buffer layer is shifted
towards the wall. In the solid, the decay of thermal fluctu-
ations with depth is too fast as compared to the DNS; yet,
the solid-only stochastic model shown previously has pro-
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Fig. 6. Heated turbulent channel flow at Res = 150, Pr = 7, and the thermal a
solid. Symbols: DNS data (Tiselj et al., 2001b) for the wall thickness d++ =
computation.
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Fig. 7. Heated turbulent channel flow at Res = 150, Pr = 7, and the wall thickn
Symbols: DNS data (Tiselj et al., 2001b) for the thermal activity ratio K = 5 (�
duced very good agreement. The reason for the discrepancy
may be twofold. Contrary to the previous case, there is
now a mean temperature gradient in the wall material that
may have some influence. Moreover, all particles that pen-
etrate the solid from the fluid side enter with their own
instantaneous temperature; in the previous stochastic
model for the solid only, the temperature of those particles
was prescribed from a certain distribution law to preserve
correct r.m.s. fluctuating temperature level at the wall.
Arguably, both these issues need a further insight.

Results of the computations with given wall depth
(d++ = 20) and varying K are presented in Fig. 7. Here
again, there is a qualitative agreement when compared to
the reference data from the DNS. Yet, one of the numerical
difficulties that we have encountered relates to formula
(34); there, for the values of K much smaller or much larger
than unity, the temperature jump dTk at the interface may
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become relatively large when compared to the temperature
scale (taken as the r.m.s. fluctuating wall temperature),
hence calling for very small time steps.

6. Conclusion

New modelling proposals for turbulent flows with the
temperature field have been advanced in the paper. A sto-
chastic particle model has been proposed for thermal fluc-
tuations in solid material; they are generated by a forcing
on its surface. As a spin-off of the analysis, a modelled
equation for thermal fluctuation variance in solid has been
obtained; it can be solved, together with a statistical turbu-
lence model for fluid, in the Eulerian approach to conju-
gate heat transfer, alleviating thus the need of prescribing
the level of temperature variance at the solid–fluid inter-
face. Yet, since the objectives of the present contribution
are different, such a RANS computation has not been
attempted here. Instead, the stochastic approach has been
followed both in modelling and for numerical computa-
tions. The results for a solid layer compare favourably with
analytical predictions of the decay of fluctuating tempera-
ture variance with depth. The model represents a first
building block of a general stochastic approach to the con-
jugate heat transfer. In the one-point scalar PDF method
proposed here, the external input parameter to the model,
i.e., the forcing frequency (or the appropriate near-wall
time scale of thermal fluctuations) has to be estimated.
The DNS data of conjugate heat transfer (Tiselj et al.,
2001b), in particular the decay of the r.m.s. fluctuating tem-
perature in solid material, provide a convincing support for
the time scale and to the stochastic modelling with a single
forcing frequency that is also a dominant frequency in tem-
perature spectrum at the wall. Interface conditions (i.e.,
consistency conditions for temperature statistics on the
fluid–solid dividing surface) have been formulated in parti-
cle setting. In particular, the variation of heat conductivity
coefficient (either continuously changing in the solid mate-
rial or with a finite jump at the interface) has been
accounted for. The complete model for fluid and solid
yields reasonable results (compared to recent DNS) for
the mean temperature and the fluctuating temperature var-
iance in a coupled case for the heated channel flow with
finite-thickness walls.

Inevitably, for the temperature considered as a passive
scalar the temperature frequency spectrum at the wall
heavily depends on that of the wall-normal velocity. Any
stochastic model able to provide an estimation of the tem-
perature spectrum must contain some information on tur-
bulence structure and thus goes beyond the one-point
closure exploited here. The structural turbulence model in
unsteady 2D formulation (Kasagi et al., 1989) may be a
departure point for further studies in that direction. In a
similar vein, a stochastic approach with large-scale or the
scalar filtered density function (FDF) model combined
with the dynamics of the large-eddy velocity modes in the
near-wall region seems promising. Such a formulation with
large-scale structures computed from the proper orthogo-
nal decomposition (POD) of the velocity field has recently
been proposed as a hybrid FDF/POD model (Wacławczyk
and Pozorski, 2004). It provides insight into instantaneous
structures of flow and thermal fields at varying Prandtl
numbers and can hopefully be refined for conjugate heat
transfer phenomena. Analogous developments for velocity
dynamics computed from LES, i.e., a hybrid, near-wall
FDF/LES formulation are in progress. To take a full
advantage of the joint PDF approach, such as exact repre-
sentation of convective and chemical source terms, further
developments include hybrid (zonal) models and the mod-
elling of heterogeneous chemical reactors in turbulent flow
(e.g., surface reactions of catalytic type).
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